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On the uniformly minimum variance unbiased estin~ tors

of the variance and its reciprocal of

an Inverse Gaussian distribution

Abstract

The two-parameter Inverse Gaussian distribution is fouru to have

useful applications in a wide variety of fields. The uniformly

minimum variance estimator of its mean is known and is the samp l e

mean. However, no such estima tor of the variance is reported in

literature. Here the uniformly minimum variance unbiased estimators

of the variance and its reciprocal are derived .

KEY WORDS: Inverse Gaussian distribution; reciprocal of the variance;

variance; uniformly minimum variance unbiased estimator
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On the uniformly minimum variance urbiased estimator s

of the variance and its r2ciproca l of

I I an Inverse Gaussian distribution

1. INTRODUCIION

The Inverse Gaussian distribution was ~nt i~c’~ by S :ir’ödinger

(1915), and has been stud ied extensive ly by many authors ,~’~’~~ r~~u

by Tweedie (1945, 1956, l957a, 1957b), an d Weld (I9~s). The ~i stri-

bution is found to have useful app licat ions in a hide variety of

fields , such as biology , economics, medicine , and rel i ab i lity and life

testing. See the recent review article by Folks and Chhik ~ra (1978)

and discussion on it.

Using Tweedie ’s notation the probability density function of an

Inverse Gaussian random variabl e X is gi ven by

f(x; p,A) = (X/2irx ”) exp {_ \(x_ 1J )~/2p L x}, x>O,

(1 1)

= 0 , otherwise

where p,A are both positive. As far as estimation r’t ~he oarameters

p and A is concerned, it is known that the sample mean is the

uniformly minimum variance unbiased estir’ato ’ 0 ’ H’e mean ji of X. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~.
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However, no such estimator has been obtained in literature for

the variance p3/A . See Fol ks and Chhikara (1978). Theorem 1

below gives this estimator, and Theorem 2 gives the uniformly

minimum variance unbiased estimator of the reciprocal A l1 3 of

the variance.

•1
2. THE ESTIMATORS AND THEIR DERIVATION S

Let ~~~~~~~~ > 2) be a random sample form (1.1), arid )(

‘~ 1 l~be the sample mean , and V = 
~ 

- = . Then
i=l I X

Theorem 1. The uniformly minimum variance unbiased estimator of

the variance of (1.1) is given by for n > 3

T (x 1~...x~) = n~
2 (1 + U) (2.1)

where U is given by

u =
~~J2~ {*rL 

[!x~±? J B  ~fr, nf:~r) - 

{~
x +nJ~~y

ri~ ~}

~ 
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where k = (n-3)/2 if n is odd = (n-4)/2 i~ n even , and

W = 2tan 1 
~“(V~)/n if n is even and = ii if n is odd , and

where B(p,q) is the usual beta integral . And for ri = 2 the

estima tor is given

T(X1,X 2) = 
2~

3V
VX + 2

Pkoo~: It is known that the statistic (x, V) is complete and

sufficient for the family (1.1). The sampl e variance S2 = Y (X1-Y)
2/(n-l)

is unbiased for the variance ~
2 

= . To finish t h C proof for

the case n = 2, we apply the Lehmann-Scheffé Theorem to 52 and

note that S2 2~ 
3V/(V~ + 2)

The proof for the case n > 3 is howeve ’ more in olved .

For an application of the Lehmann-Scheffë Theorem using ~2, we need to

compute the conditional expectation of given (Y, V) . The

condi tional density h(x1 11,v) of 
~ 

given (~~~
, V) is derived

in Chhikara and Fol ks (1974) in a different context . it it gi ’.~ n

by, for n > 3

I I
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n (x.~ - x)
ui ~~X 1 

X~ V j — 
1 2 3 ~ I -

~~~ ~~~~~_- vx1 (ni - x1 ) vxx 1 (n~-x1)

(2.2)

where L < x1 < ~.J and L and Ii are the two roots of the

quadratic equation n(x1 
- ~)2 = vx 1~ (ni 

- x1 ) . Now letting

u = J~i(x1—i)/{vix1 (ni 
- x1 )}

½ in (2.2) we obtain after some

simpi ifi cations ,
I

. 
E(X~Ii,

v)= ni 2 - 
2(n~l)n~

2 
r (2.3)

(2’ 2)

where

n-4
I = 

~~ (1-u ) du . (2.4)
“0 n+vxu
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To eval uate the integral I in (2.4) , fi rst write the integrand as

- 

~ 
~ 
)

r~ 1~ 2) + ,n even

(2.5)

- 
1 vi+ r-l 2 2  ~~~~~~~ 

~~ 11Y~~ ~~. odd
r~1 vx vx J n+vx u

where k = (n-4)/2 if n is even arid (n-3)12 jf n j c  odd .

(In deriving (2.3)use is made of the fact that x1 r (2 .v;.~u
2)/2(n4vku2:1

+g(u), where g is an odd function of u.) Now to finish the proof

use (2.5) jn (2.4)ancj standard integrals , and note that E(S2~x,v)

= n E(X~ Ii,v)/(n-l) - n2i2 /(n-1)

Theorem 2: The uniformly nilnimu ni variance unbiased estimator

of the reciproca l of the variance of (1) j s  given by, for n > ~1

= ~~3J - + -
~~~

-

~~ 

~~~~~~~~~ . 
(2.6)

Prooj~: Th~ unbiasedness of(2.6)follows from the exp ressiors

fbr negative moments about zero of an Inverse Gau~siaii distribution

1 
_ _ .. 

- . —.. . -, . ~ - ..~~~
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given by Tweedie (l957a) and the facts that Ci) ~ arid V are

independent and that (ii) ~ has an Inverse Gaussian distribution

with parameters (ii , nA ), (iii) A V has a chi— square distribution

wi th (n-i) degrees of freedom. An application of the Lehmann-

Scheffé Theorem to(2.6)using the fact that (
~~~

, V) ic complete

as well as sufficient finishes the proof. 
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